Abstract-To effectively enhance the control accuracy and dynamic performance of a bearingless permanent magnet synchronous motor (BPMSM), this paper presents a novel control scheme combining the inverse system method and the internal model control. By cascading the inverse model of the BPMSM with the original BPMSM system, a decoupling pseudo-linear system is constituted. Moreover, in order to improve the robustness of the whole system and reject the influence of the unmodeled dynamics and system noise to the decoupling control accuracy, the internal model control scheme is employed for the pseudo-linear system to design extra closed-loop controllers. Consequently, the proposed decoupling control scheme incorporates the advantages of both the inverse system method and the internal model control. The effectiveness of the proposed control scheme is verified by experimental results at various operations.
of a MB and a motor into a single electric machine. Therefore, BMs can generate both suspension force and electromagnetic torque in a single unit simultaneously. By combining the two functions into one device, BMs have the advantages of reducing the amount of raw materials needed, simplifying the machine structure, and reducing manufacturing cost in comparison to a conventional MB drive. Therefore, BMs are increasingly being reported in international conference proceedings, and receiving rapid development at universities, research institutions, as well as commercial companies over the past several decades.
In recent years, various unique BMs have been developed. In [5] , a first prototype of a novel class of homopolar bearingless slice motors for chemical, biomedical, or food industries is proposed by Gruber et al. The novel BM combines the full magnetic suspension using passive reluctance stabilization and a nonmagnetic reluctance rotor. The decoupling control scheme for motor torque and suspension forces based on nonlinear feedback control law is implemented for the homopolar bearingless slice motor. In [6] , a high-speed superconducting bearingless motor with 8 poles and 12 slots is proposed by Chau et al. for flywheel energy storage systems. Unlike the conventional BMs, there are three groups of windings: the torque winding, suspension winding, and high temperature superconducting field winding. In [7] , Asama et al. present a novel 1-degree of freedom (DOF) actively positioned bearingless permanent magnet (PM) motor which can realize rotation employing and noncontact magnetic suspension only by employing a 3-phase inverter. Some simulation and experimental results demonstrate the effectiveness of the novel single-drive bearingless motor. In [8] , the eccentricity related forces in a bearingless induction motor is studied by Sinervo and Arkkio by utilizing measured rotor orbits. The measurements are carried out at various operation conditions, such as different load torques, supply frequencies, and so on. The study is conducive to mechanical design and estimation method of eccentricity related forces for bearingless induction motors. In [9] , an 8/6 bearingless switched reluctance motor with simpler single layer of winding structure is developed by Chen and Hofmann. And a new speed regulation method is also proposed by creating the equation system of radial forces considering three phase windings and their coupling. In these types of BMs, BPMSMs are being actively researched and developed around the world owing to their advantages of high power density, high efficiency, high reliability, etc. [10] [11] [12] [13] [14] .
So far, many researchers have concentrated on the decoupling control schemes for BMs recently [15] [16] [17] [18] [19] . In [15] , Grabner et al. proposed a novel nonlinear decoupling control scheme for the radial position and torque control of a bearingless brushless dc motor based on the feedback linearization theory. By changing the coordinates from phase currents to bearing forces and torque as well as using a static-state feedback, the combined model of translatory and rotatory dynamics of the bearingless brushless dc motor were split into independent linear systems. Moreover, the experimental studies were carried out to demonstrate the effectiveness of the nonlinear feedback control scheme. In [16] , Silber and Amrhein presented a current control scheme for a bearingless PM single-phase motor with concentrated windings, which can minimize the resistive power losses of the proposed bearingless single-phase motor. Since the mathematical model of the bearingless PM single-phase motor plus cascade control (i.e., voltage converter and the current control) was characterized by the nonlinearity, a decoupling matrix K m was employed to change the control inputs. Thus, this nonlinear transformation can decompose the bearingless PM single-phase motor and the cascade control into three decoupled subsystems, i.e., the radial rotor positions in x-and y-directions and the rotational speed. Moreover, by altering decoupling matrix K m , the operation mode of the bearingless PM single-phase motor may be changed simply. In [17] , Huettner proposed a nonlinear state control scheme for a bearingless slice motor used in a left ventricular assist device. By means of the proposed linearizing feedback control scheme, there was no interference or unnecessary interaction between the position and vibration control and the disc shaped rotor of the bearingless slice motor can act in a decoupled way. The experiments for transient as well as long term disturbances were done to prove the effectiveness of the proposed linearizing feedback controller. In addition, the researches about the decrease in power consumption were also carried out and discussed. In [18] , to avoid the influence of rotor parameters of the bearingless induction motor, Bu et al. proposed a combinatorial decoupling control strategy based on stator flux orientation and inverse system method for the bearingless induction motor. In addition, the feedback and compensation control for radial displacements were also achieved in the suspension control system. In [19] , Zhu and Sun proposed a novel modified inverse system method for the bearingless switched reluctance motors operating in irreversible domain. By modifying the feed-back variables, the modified inversion of the bearingless switched reluctance motor can be obtained. Besides, to overcome the uncertainty of the parameters and errors of the inversion, a closed-loop compound control system was designed to enhance the control performance.
In this work, the inverse system method plus the 2-DOF internal model controller is explored for the BPMSM system. The inverse system method can achieve nonlinear decoupling of the BPMSM system with multiple coupled states and parameter variations. And the 2-DOF internal model controllers can improve the static and dynamic properties of the whole BPMSM system, and adjust the performances of tracking and disturbance rejection independently.
The paper is arranged in the following manner. In Section II, the mathematical model of the BPMSM system is constructed, and then the inverse system scheme is employed for decoupling control of the BPMSM system. After that, the internal model control theory is adopted to design the robust controllers in Section III. Then, the experimental researches are carried out to verify the effectiveness of the proposed control scheme in Section IV. Finally, Section V concludes the paper. On the other hand, the currents in the suspension force windings generate 4-pole flux, which interacts with the PM flux. Thus, the airgap flux density increases in one direction and decreases in the opposite direction. Consequently, the airgap flux density becomes unbalanced, and then the electromagnetic force, namely, the Maxwell force is generated in the radial direction of the magnetic field enhancement. Therefore, the BPMSM can suspend the rotor by coordinating the suspension force.
II. INVERSE SYSTEM MODELING

A. Description of the BPMSM
Besides Maxwell force, there is another kind of suspension force in BPMSMs, i.e., Lorentz force. Fig. 2(a) and (b) show the Lorentz suspension forces in a BPMSM toward the xand y-directions, respectively. In Fig. 2 , the 2-pole fluxes are produced primarily by the PMs (When the motor is driven at no load, the 2-pole flux produced by the torque winding is small enough to be neglected), and the windings N Bd and N Bq are suspension force windings in the d−q coordinates, respectively. From Fig. 2(a) , it is obvious that, in accordance with the left-hand rule, the windings N Bd are subjected Lorentz forces, whose directions are illustrated in the stator. Moreover, according to Newton's third theorem, the opposite forces appear in the rotor, which are depicted in Fig. 2(a) . As a result, the resultant Lorentz suspension force is generated in the x-axis. Similarly, the resultant Lorentz suspension force in the y-axis can be generated as depicted in Fig. 2(b) .
The suspension forces of the BPMSM in the x-and y-directions can be modeled as following
where F x and F y are the suspension force components in x-and y-directions, respectively, i Bd and i Bq are current components of suspension force windings in d-q coordinate, respectively, Ψ Md and Ψ Mq are the airgap flux linkages components of torque windings and PMs of rotor in the synchronously rotating d-q reference frame, respectively,
are Maxwell forces and Lorentz forces constants, respectively, P M and P B are the pole-pair numbers of torque and suspension force windings, respectively, L m2 is the mutual inductance of suspension force windings, l is the length of rotor iron core, r is the radius of the stator inner surface, W M and W B are the number of turns of torque and suspension force windings, respectively, and k W M and k W B are winding factors of torque and suspension force windings, respectively.
The flux linkage of torque windings can be represented as following
where Ψ f is the equivalent excitation flux linkages of PMs, L Md and L Mq are the self-inductances of torque windings in the synchronously rotating d-q reference frame, respectively, and i Md and i Mq are current components of torque windings in the synchronously rotating d-q reference frame, respectively. The torque equation of the BPMSM can be expressed as
In accordance with the principle of rotor dynamics and Newton's second law, the dynamic model of system motion equations can be written as
where m is mass of the rotor, g is the gravity constant, J is the moment of inertia of the rotor, x and y are the radial displacements in x-and y-directions, ω are speed of rotor, and T and T L are the electromagnetic torque and the load torque, respectively.
B. Analysis of the Invertibility of the BPMSM
The state variables X, input variables U , and output variables Y are defined as
Bringing (1)- (3), and (5)- (7) into (4) yields
From (5)- (10), it can be seen that the BPMSM system can be expressed as a three-input, three-output nonlinear system. When analyzing the invertibility of the system, the outputs Y = [x, y, ω] T are differentiated with respect to time until the inputs
T are explicitly included in the equation. Then, we can obtain
(11) Thus, the Jacobi matrix can be resolved as follows:
(12) Hence, we can obtain det(D) as follows: Obviously, the inequality det(D) = 0 always satisfies in the practical system. Moreover, the relative order of the system are α= (α 1 , α 2 , α 3 ) = (2, 2, 1), which satisfy α 1 +α 2 +α 3 = 5 ≤ n (is the number of the state variables defined in (5)). According to the inverse system theory [20] , the original system given by (4) is invertible.
C. Analytic Solution of the Corresponding Inversions
In this section, the analytic solution of the corresponding inversions will be resolved. In accordance with the theory of the inverse system, we define the new input variables:
where y d1 , y d2 , and y d3 are used to express the expected outputs. By substituting the variables
, a set of equations with respect to u 1 , u 2 , and u 3 can be obtained. By solving the equation set, the inversion of original BPMSM system can be constructed as shown in (15) at the bottom of the page.
By combining the inversion of the BPMSM system with the original system, a new pseudo-linear system consisting of three pseudo-linear subsystems can be obtained, as shown in Fig. 3 .
III. DESIGN OF THE INTERNAL MODEL CONTROLLERS
A. 2-DOF Internal Model Controller
In this section, the design and analysis of the 2-DOF internal model controllers for the linearized plants are developed. In this paper, we employ the 2-DOF internal model controllers to realize setting and synthesis of the linearized plants.
The concept of internal model control was presented by Garcia and Morari and then was under intensive research and development during the past decades. The internal model control technique relies on the "internal model" principle including a model of the plant to be controlled in the control structure [21] . In addition, a 2-DOF internal model controller includes two internal model controllers [22] , i.e., a set point controller G c1 (s) and a disturbance rejection one G c2 (s), as shown in Fig. 4 . The set point controller is in an open loop form and the disturbance rejection one is in an inner-feedback loop structure. The two internal model controllers G c1 (s) as well as G c2 (s) consist of a filter and the inversion of the internal model. Taking x-direction radial displacement as an example, its pseudo-linear subsystem can be expressed as
The transfer function (16) is the nominal model of the radial displacement in x-direction of the BPMSM system. However, the composition of the actual control plant and its inversion (15) do not exactly equal to the linear subsystem (16) due to the uncertainty of the parameters and errors of the model. The actual subsystem, including uncertainty and noises, can be written as
where G d (s) denotes an arbitrary uncertainty. Fig. 4 depicts the schematic representation of the 2-DOF internal model controller for the pseudo-linear subsystem of xdirection radial displacement, where G(s) as well as G x (s) are the real plant to be controlled and the predictive model of the plant (i.e., the internal model), respectively, G c1 (s) and G c2 (s) are internal model controllers, x * and x are the reference input and output of x-direction radial displacement, respectively, v is the control input, d x is the outer disturbance input, and e is the error which represents the effect of disturbances and plant/model mismatch if exists.
From Fig. 4 , the output can be calculated as If the internal model is accurate, i.e., G x (s) = G(s), (18) can be rewritten as
From (19), it is obvious that the property of tracking only depends on G c1 (s), while the characteristic disturbance rejection only relies on G c2 (s).To track the reference input x without any steady-state error as well as to enhance the system robustness, low-pass filters Q 1 (s) and Q 2 (s) are introduced into the internal model controller G c1 (s) and G c2 (s) separately, and we choose
The low-pass filters Q 1 (s) and Q 2 (s) are commonly chosen as
where λ 1 > 0 and λ 2 > 0.
Therefore, Fig. 4 is equivalent to Fig. 5 , here
Similarly, the 2-DOF internal model controllers for the y-direction radial displacement can be designed. Moreover, the transfer function of the pseudo-linear subsystem of the rotor speed system is G ω (s) = 1/s. Thus, the corresponding 2-DOF internal model controllers can be designed as
B. Tracking and Disturbance Rejection Performances of the Designed 2-DOF Internal Model Controller
From Fig. 5 , we can define the output error transfer function of the closed-loop system as
According to the tracking characteristic, letting d x (s) = 0, (24) can be written as
Assuming the internal model is accurate, i.e., G(s) = G x (s), and substituting (16) and (22) into (25), we can obtain
From (26), it can be seen that E(s) is characterized with a high-pass characteristic. Moreover, it can also be drawn a conclusion that the smaller λ 1 , the faster the E(s) approximates to zero, and the better tracking performance. As for the step and sinusoidal signals, i.e., x * a (s) = R 0 /s and x * a (s) = ω/(s 2 + ω 2 ), the steady-state error can be given as
(27) Therefore, the closed-loop control system can track the step and sinusoidal signals without any steady-state errors.
Let x * (s) = 0, we can get
Assuming G(s) = G x (s), and substituting (16) and (22) into (28) yield
(29) From (29), it is obvious that the output error equation E(s) also has a high-pass characteristic. In addition, we may come to a conclusion that the smaller the λ 2 , the better the performance of disturbance rejection.
Similarly, as for the step and sinusoidal signals, i.e., d ax (s) = d 0 /s and d ax (s) = ω/(s 2 + ω 2 ), the steady-state error can be calculated as
(30) Consequently, the closed-loop control system can reject the step and sinusoidal disturbance signals.
The necessary and sufficient condition for stabilization of the closed-loop system for arbitrary ω can be given as
wherel m is the upper bound of the modeling error. Substituting (16) and (22) into (31) yields
From (32), it is obvious that for a certain modeling error upper boundl m , by selecting λ 2 appropriately, we can guarantee the stability of the closed-loop system. In addition, we also can draw a conclusion that the larger the λ 2 , the larger the G d (s) that can be acceptable.
Similarly, it can be proven that 2-DOF internal model controller for the rotor speed system is of the aforementioned characteristics.
According to aforementioned analysis of the system performance indexes and robust stability, we can realize the effective independent control of tracking and robustness performance by choosing an optimal control parameter sets λ 1 and λ 2 .
IV. EXPERIMENTAL RESULTS
In order to evaluate the effectiveness and superiority of the inverse system plus internal model control for the BPMSM system, comparative experiments between the proposed control scheme and the traditional vector control scheme plus PID closed-loop controllers have been performed.
Figs. 6-8 show the photo of the experimental test setup, the control block diagram of the entire system with the proposed control scheme and the design flow chart of the control system, respectively. The system parameters as well as the control parameters used in the experiments are given in Tables I-III. The proposed control algorithm is implemented in a TMS320F2812 digital-signal-processor (DSP)-based control computer, respectively. The clock frequency of the DSP is 150 MHz and the PWM switching frequency is 20 kHz.
In the Fig. 6 , the left part of the rotational shaft is borne by the aligning ball bearing, and a photoelectric encoder is installed on the rotational shaft. Hence, this side of the rotational has no suspensibility. However, in the right part of the rotational shaft a conventional sliding bearing (namely an auxiliary bearing) is employed. There is a clearance between the auxiliary bearing Fig. 9 . Static decoupling properties of the vector control scheme plus PID controllers.
and rotational shaft. Therefore, this side of the rotational shaft is suspensible, and the rotor can operate freely in the radial directions. In addition, four eddy current displacement sensors are installed on the BPMSM cover in the horizontal and vertical directions to detect the radial displacement of the rotor, and every two adjacent displacement sensors differ 90º in spatial location. The diametrically opposite two displacement sensors are utilized to measure two differential signals in the horizontal or vertical direction, and then the signals are transformed into the rotor radial displacements. To prevent the rotor from colliding with the stator when the BPMSM is operating, an auxiliary bearing must be employed to limit the radial displacement of the rotor in the radial direction. In the absence of the suspension control, there are mechanical contact and friction between the rotational shaft and auxiliary bearing. Therefore, in this case, the auxiliary bearing is rotating with the rotational shaft. However, if the suspension control is added, there will be no mechanical touch between them. Accordingly, the rotor is located at the center balance position, and hence the auxiliary bearing is stationary although the rotor is operating.
A. Initial Lift Up (Static Decoupling Property)
In this section, in order to demonstrate the static decoupling properties, the comparative studies of the radial displacement initial lift up in the y-direction between the proposed control scheme and the vector control scheme plus PID controllers are carried out.
When the torque winding current is set zero, i.e., the speed of the BPMSM is zero, the rotor is located in the bottom (the radial displacements in x-and y-directions are 0 and -500 μm, respectively). At t = 1 s, the suspension winding current of the BPMSM is exited, and the radial displacement in y-direction will step from -500 μm to 0. Figs. 9 and 10 show the comparative experimental results with the vector control scheme plus PID controllers and the proposed scheme, respectively.
From Fig 9, it can be seen that the sudden change of radial displacement in y-direction results in a small fluctuation to radial displacement in x-direction with the vector control scheme plus PID controllers. Moreover, when the rotor lifts up, there are approximately a 250 μm overshoot of the radial displacement in y-direction with about a 0.75 s settling time. On the other hand, as shown in Fig. 10 , it is obvious that the sudden change of radial displacement in y-direction almost has no effect on radial displacement in x-direction with the proposed control scheme. In addition, when the rotor lifts up, there are approximately a 50 μm overshoot of the radial displacement in y-direction which is only 20% of that of the vector control scheme plus PID controllers, and the settling time is about 0.25 s. Consequently, it can be drawn a conclusion that the proposed control scheme achieves better static decoupling performance to the vector control scheme plus PID controllers.
B. Dynamic Decoupling Property
In this section, in order to demonstrate the dynamic decoupling properties, the comparative studies of the speed step between the proposed control scheme and the vector control scheme plus PID controllers are carried out.
At t = 0.5 s, the speed reference input increases from 3000 to 6000 r/min. The comparative results are depicted in Figs. 11 and 12, respectively. Fig. 11 shows that, concerning the vector control scheme plus PID controllers, when the reference input suddenly increases from 3000 to 6000 r/min at t = 0.5 s, there are approximately a 21 μm overshoot of the radial displacement in x-direction and a 22 μm overshoot of the radial displacement in y-direction. Besides, the speed response has about a 700 r/min overshoot with about a 0.35 s settling time. From Fig. 11 , it can be seen that if there is a sudden change in speed reference input, an obvious disturbance can be occur to other two outputs of radial displacements in x-and y-directions. Therefore, there is strong coupling not only between the radial suspension system in x-and y-directions but also among the two radial suspension systems and the rotor speed one.
However, as shown in Fig. 12 , it can be observed that as for the proposed control scheme, when the reference input suddenly increases from 3000 to 6000 r/min at t = 0.5 s, there are almost no fluctuations of the radial suspension system in x-and ydirections. In addition, the speed response has only 150 r/min overshoot, and settling time is about 0.12 s, which is only 33.3% of that of the traditional control scheme. In other words, the speed reference input has little influence on other two outputs of radial displacements in x-and y-directions, which demonstrates that the proposed control scheme can realize the decoupling control among the two radial suspension systems and the rotor speed one with great improvement on the control precision and response speed.
C. Tracking and Disturbance Rejection Properties
In this section, in order to test the tracking, disturbance rejection, and robustness properties of the BPMSM system, we subject the system to the reference speed step, external disturbance and parameter variation, respectively. At t = 0 s, the speed reference input increases from 0 to 5000 r/min. After 0.8 s, a 2 N · m radial disturbance is imposed on the magnetically suspended rotor of the BPMSM system, and then, the Maxwell force constant K M decreases by 15% at t = 1.4 s. Furthermore, the comparative results with different values of control parameter sets λ 1 and λ 2 in the proposed control scheme and different ones of k d in the vector control scheme plus PID controllers are also developed, as shown in Figs. 13 and 14 . From Fig. 13(a) and (b) , in regard to the vector control scheme plus PID controllers, when the value of the k Bd and k Md increases from 0.5 and 0.8 to 0.75 and 1.15, the overshoots of the radial displacements in x-and y-directions and the speed response all decrease no matter whether there is an external disturbance or parameter variations. On the contrary, the settling time of the radial displacements in x-and y-directions and the speed response increase. Therefore, it can be concluded that the vector control scheme plus PID controllers cannot adjust the tracking performance and disturbance rejection independently. In contrast, from Fig. 14(a)-(c) , regarding the proposed control scheme, when the values of λ 1 and λ 2 decrease, the setting time and the overshoot all decrease. To be specific, according to Fig. 14(a) and (b) , when the control parameters λ 2 decrease, the disturbance rejection and robustness properties can be improved without any influences on the tracking property; according to Fig. 14(b) and (c) , when the control parameters λ 1 decrease, the tracking performance can be improved without any influences on the disturbance rejection and robustness properties. In conclusion, the proposed control scheme can regulate the control properties of the tracking and disturbance rejection (or robustness) independently, which is in accordance with the analysis in Section III. In other words, the proposed control scheme can enable us to simply the adjustment of the control parameters, and also can enhance the properties of the tracking, disturbance rejection, and robustness at the same time.
V. CONCLUSION
In order to improve the control properties of high-precision, fast-response, and strong-robustness for the BPMSM system, this paper proposes a decoupling control scheme consisting of inverse system method and the internal model control. The experimental results demonstrate that:
Firstly, the proposed control scheme can successfully realize decoupling control of the two radial suspension subsystems and the rotor speed one of the BPMSM system, which can avoid the disadvantages of the vector control scheme plus PID controllers.
Secondly, by adding the 2-DOF internal model controllers for the pseudo-linear system, the decoupling accuracy can be effectively improved, as well as the influence of the unmodeled dynamics can be eliminated.
Furthermore, by adjusting the values of control parameter sets λ 1 and λ 2 , the control properties of the tracking and disturbance rejection (or robustness) can be regulated independently.
APPENDIX
The expression of the Lorentz suspension force in the x-axis and y-axis can be given as 
where A(ϕ) and B(ϕ) are airgap flux density and current density, respectively,Â andB are amplitudes of airgap flux density and current density, respectively, ϕ is the space vector angle, and λ and μ are the phase angles of torque and suspension windings, respectively. According to the definition of current and flux linkage, as well as the principles of the dot product and cross product, (A1) can be rewritten as 
where
is Maxwell force constant.
From (A2) and (A6), we can get the suspension forces of the BPMSM in the x-and y-directions
